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Abstract 
This paper presents a recently conducted series of shear tests on reinforced concrete elements without stirrups 
subjected to normal forces. The main varying parameter is the level of axial compression. The tests include axial 
compression stresses ranging from 0 up to 85% of the concrete compression strength. Shear tests with such high level 
of axial compression have to the knowledge of the authors not been reported in the literature. Comparison of the test 
results with the design formula in the Eurocode 2 (EC2) reveals, that further enhancement beyond the upper limit 
imposed by the code can be obtained. The paper also demonstrates how the upper limit can be calculated by use of a 
plasticity based approach for shear strength prediction. The upper limit is established by considering two types of 
shear failure mode. It is shown that the upper limit determined in this way is in better agreement with the 
experimental observations. On the average - and when including existing test series with small axial compression 
levels - both methods considered lead to acceptable agreement with test results. It is argued, that the plasticity based 
method is preferable as it is based on a theoretical model and therefore is easier to extend to cases not covered by 
tests. 
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1. Introduction 
Reinforced concrete members without shear reinforcement are used intensively in practice. Owing to 
the economical advantage, designers often choose to avoid stirrups and instead increase the concrete 
dimensions.  
The methods for shear strength verification of members without stirrups, as prescribed by design 
codes, are without exception purely empirical. Even though such empirical methods may be easy to use, 
there are several disadvantages compared to more theoretically founded methods. First of all, an empirical 
method does not provide any physical explanation to the problem treated. Secondly, it is not easy to 
extend such a method to deal with cases that are not covered by the tests used to establish the empirical 
formula. Extensions of empirical methods may sometime be unsafe while in other cases, they actually can 
be too conservative.  
It is well-known that the shear capacity of elements without stirrups can be enhanced by a 
compressive normal force. This enhancement effects is incorporated in most code formulas, for example 
in the Eurocode 2 (EC2). While a very large number of standard beam shear tests exists for calibration of 
the basic shear strength formula, only few shear tests on elements with compressive normal forces are 
available (see for example Cossio and Siess 1960; Mattock 1969; Haddadin et al. 1971; Mattock and 
Wang 984). Further, the level of axial compression applied in existing tests is rather low. Tests are only 
reported for axial compression in the range of 0 to 0.16fc. In EC2, the effect of axial compression is 
primary obtained from shear tests on prestressed elements (European Concrete Platform 2008). 
In a number of design situations, however, there is a need for determining the shear strength of 
members subjected to rather large axial compression (for instance shear capacity of piles). Therefore, in 
order to verify whether some of the available methods for shear strength prediction of member without 
stirrups can be applied to the case of high axial compression, a tests series has been conducted. 
This paper presents the test results and comparisons with two methods for shear strength prediction. 
The first method is purely empirical and has been prescribed in EC2. The second method is based on the 
upper bound plasticity approach where distinction is made between shear failure in cracked concrete and 
in uncracked concrete. This distinction makes it possible to determine an upper limit for the shear strength 
enhancement effect from axial compression.  
2. Experimental Program 
The experimental program conducted at the University of Southern Denmark (Madsen and Hansen 
2010) consisted of 20 rectangular concrete beams tested under combined shear and axial loading. The 
specimens, designed without transversal reinforcement, were subjected to axial compression up to 85 % 
of the concrete compression strength. 
The main beam geometry is shown in Fig. 1. The specimens were tested in symmetric three point 
bending with a shear span to depth ratio equals to 3. All specimens were reinforced with 4 longitudinal 
bars with diameter 25 mm and yield stress fy = 625 MPa to ensure a sufficient moment capacity such that 
the specimens, even in the case of large axial compression, would fail in shear. 
The concrete was mixed by use of an Ordinary Portland Cement. Maximum aggregate size was 16 
mm. For each concrete batch 2 beams and 8 cylinders with diameter of 100 mm and height of 200 mm 
were cast. The beams and the cylinders were removed from the forms two days after casting and cured 
indoor, hermetic sealed in plastic sheets until the day of testing. For each batch, one cylinder was tested at 
the age of 7 days for strength indication. The remaining cylinders were tested on the same day as the 
specimens were tested in order to determine the average compressive strength of each batch.  All beams 
were tested 14 days after casting, except specimens D1 and D2. These were tested 20 days after casting 
because test of a cylinder at age 7 days indicated lower strength than the other specimens. 
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The beams were tested in a load controlled system. For the majority of the specimens, the axial load 
was first applied until it reached the desired magnitude. Then, while keeping the axial load constant, the 
transverse central load was applied until failure. A small group of four specimens were tested in 
proportional loading, i.e. the axial load was applied simultaneously with the transverse load. Specimens 
J1, J2, K1 and K2 were tested with the loading rates O = N/P = 2, 3, 4 and 5 respectively.  
An external prestressing concept was used to induce axial compression into the beams. The system is 
illustrated in Fig. 1 and consisted of 4 DYWIDAG high strength steel bars anchored at both ends to two 
transverse steel diaphragms. In one end, a hydraulic jack was placed between the steel diaphragm and the 
beam in order to create compression in the beam and tension in the DYWIDAG bars. In the other end, a 
solid steel cylinder with the same diameter as the hydraulic jack was used to transfer the load from the 
steel diaphragm to the beam. A 150mm x 200mm steel plate with thickness 25 mm was fixed to both 
beam ends. The steel plates were provided with circular grooves with a depth of 5 mm. The grooves had a 
diameter of 75 mm, which fitted the hydraulic jack and ensured that the normal force acted centrally.  
Figure 1: Geometry and loading scheme (a, b) and principle for axial loading (c). 
3. Test Results 
All beam failed in shear without yielding of the longitudinal bars. Examples of observed crack 
patterns can be seen in Fig. 2. For specimens without or with very low axial compression, several flexural 
and diagonal cracks on both shear spans were developed during the loading process and the failure 
typically took place in one of the diagonal cracks. For specimens with moderately axial compression only 
a few diagonal cracks developed. These were, however, always observed on both shear spans. In cases 
with very large axial compression, the specimens remained uncracked until a load level close to the 
ultimate load. At the onset of failure, diagonal cracks were observed – typically only in one shear span 
while the other shear span remained uncracked. Generally, the observed ultimate shear load increased 
with increasing axial compression.  
The test results and the specimen properties are summarized in Table 1. In addition Table 1 also 
contains the predicted shear strength (see explanation and discussion below). 
Figure 2: Typical crack patterns for /fˢ c = 0 (G1), /fˢ c ~ 0.3 (C1) and /fˢ c ~ 0.6 (F2). 
Table 1: Specimen properties and test results 
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Specimen ID fc
[MPa] 
N
[kN]
Pu,test
[kN]
Pu,CSM
[kN] 
Pu,EC2
[kN] 
Test/Cal.
(CSM) 
Test/Cal.
(EC2) 
A1 19.1 219.8 49.0 48.4 43.5 1.01 1.13 
B1 23.6 0.0 39.6 35.5 31.7 1.12 1.25 
B2 23.6 92.8 51.7 41.6 43.0 1.24 1.20 
C1 24.2 186.9 50.3 50.7 49.6 0.99 1.01 
D1 18.0 407.6 53.9 45.5 42.1 1.17 1.28 
D2 18.0 464.3 51.9 45.5 42.1 1.14 1.23 
E1 20.2 231.0 46.2 51.3 44.9 0.90 1.03 
F1 20.2 346.2 50.6 51.3 44.9 0.99 1.13 
F2 20.2 346.6 52.3 51.3 44.9 1.02 1.16 
G1 22.1 0 36.4 33.3 31.0 1.09 1.17 
G2 22.1 84.7 52.4 39.0 41.3 1.34 1.27 
H2 21.5 164.8 50.9 45.4 46.5 1.12 1.09 
I1 21.4 40.9 39.6 34.9 35.7 1.13 1.11 
I2 21.4 40.9 38.3 34.9 35.7 1.10 1.07 
J1 19.5 70.2 35.3 34.5 38.3 1.02 0.92 
J2 19.5 149.1 50.2 38.3 44.0 1.31 1.14 
K1 19.5 182.4 45.7 44.5 44.0 1.03 1.04 
K2 19.5 240.3 48.6 49.4 44.0 0.98 1.10 
L1 23.2 223.6 46.9 53.6 48.5 0.88 0.97 
L2 23.2 224.1 50.4 53.59 48.5 0.94 1.04 
Mean value: 1.08 1.12 
Standard deviation: 0.13 0.10 
4. Shear Strength Prediction 
The results of the conducted tests have been compared with calculations. The calculations were 
carried out using both the empirical method prescribed in Eurocode 2 and the plasticity based Crack 
Sliding Model (Zhang 1997). These two methods are briefly described in the following. 
4.1. Shear strength calculation using Eurocode 2 
The methods provided in the Eurocode 2 for shear strength prediction of members with and without 
stirrups are very different. For members with stirrups, a plasticity based design model is available while 
in the case of members without stirrups, a purely empirical formula is used. According to this formula, 
the shear resistance of a member without stirrups should be taken as:  
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where 1 200 / 2k d  d  (d in mm), / 0.02l sA bdU  d and /cp cN AV  ʍ (in MPa). N is the 
axial load (positive as compression) and Ac is the area of the concrete cross section. To limit the effect of 
axial compression, Vcp cannot be taken larger than 0.20fc.
4.2.  Shear strength calculation by plasticity model 
Figure 3: Potential shear failure mechanisms in beam with axial compression 
The Crack Sliding Model (CSM) was developed by Zhang (1997) for shear strength prediction of 
concrete beams without stirrups. The model is based on the upper bound theorem of plastic theory. In 
contrast to the classical upper bound approach (see Nielsen 1999) CSM takes into account the effect of 
sliding failure in cracked concrete. This is done by distinguishing between yield lines formed in 
uncracked concrete and those formed in cracked concrete and by recognizing that the sliding resistance of 
cracks is smaller than that of uncracked concrete. Whether sliding failure takes place in cracks or in 
uncracked concrete depends on the possibility of crack development. According to the model, the 
transverse load level required to form a diagonal crack and thus a potential sliding plane is a function of 
the level of axial compression. Hence, the shear strength enhancement effect due to axial compression is 
incorporated in CSM. A more comprehensive explanation may be found in Nielsen (1999). Here, only the 
formulas for strength prediction will be given. For a rectangular beam without stirrups, see Fig. 3, the 
shear capacity may be taken as follows: 
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Here, Pu,uncracked represents the shear capacity found by assuming failure in a yield line running through 
uncracked concrete from the loading plate to the support plate (yield line No. 1 in Fig. 3). The shear 
capacity Pu,cracked corresponds to a sliding failure in a diagonal crack with the horizontal projection x 
(yield line No. 2 in Fig. 3). The effectiveness factor Qo in Eq. (2) is introduced to account for the fact that 
concrete is not a perfectly plastic material as assumed in the analysis. Formula for Qo is given below. The 
x-value that has to be inserted in Eq. (2) is found from a cracking criterion (Zhang 1997), which basically 
states that in order to be a shear critical crack, the load required to develop the crack must equal the 
sliding resistance of the crack. Hence, x is determined by solving the equation Pu,cracked = Pcr with respect 
to x, where Pcr is the cracking load given as follows: 
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In this equation, ftef is called the equivalent plastic tensile strength. Formulas for ftef and the above 
mentioned effectiveness factor are given below with fc in MPa and h in m, (Zhang 1997). 
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Since x is a function of N and since Pu,cracked is a function of x, the shear capacity determined from Eq. (2) 
will increase with increasing N until a constant horizontal plateau is reached. This plateau corresponds to 
the situation where N is so large, that failure in uncracked concrete take place before any critical diagonal 
crack can be formed. Hence, the model predicts a level of axial compression beyond which it is not 
possible to obtain further enhancement of the shear capacity. 
5. Comparison of Tests with Calculations  
In Table 1 the calculated results using the EC2 and the CSM are listed together with the observed shear 
strength. It is seen that reasonable agreements with experiments are obtained by both methods. The mean 
value of the test to calculation ratio is 1.08 for CSM and 1.12 for EC2, respectively. The corresponding 
standard deviations are 0.13 and 0.10. An indicative comparison between tests and calculations is shown 
in Fig. 4. The figure depicts the calculated shear capacity, ʏu = Pu/bh, versus the axial compression stress 
V = N/bh. The calculations have been normalised with respect to the concrete compressive strength fc. In 
the calculations, the average strength of all test specimens, fc = 21MPa, has been used. The black circles 
represent test results normalized with respect to the individual compressive strength of each specimen. As 
can be seen, a steady increase in the shear capacity is observed for the tests results up to V = 0.8fc. This is 
in contrast to the prediction by EC2, where the shear strength at V = 0.2fc represents the absolute upper 
limit. It can be seen that in this case, CSM predicts the upper limit at V = 0.4fc. It is also observed that for 
this test series, EC2 predicts slightly better results than CSM for small V/fc - values. The scatter in the test 
results in the region where CSM is governing may partly be explained by the effect of finite crack spacing. 
This and other effects are discussed in details in Madsen and Hansen (2010). 
In addition to the present test series, a comparison of calculations with two test series reported by Mattock 
(1969) and Cossio and Siess (1960) has also been carried out. Details are given in Madsen and Hansen 
(2010). These two tests series (40 specimens) had b = 152 mm, h = 305 mm and shear span ranging from 
approximately 700 mm to 1525 mm. The concrete compressive strength varied from 15 MPa to 55 MPa 
and the maximum axial compression applied was V ~ 0.16fc, i.e. quite low compared to the present test 
series. Some tests by Mattock were conducted with axial tension (maximum applied tension was about 
0.04fc). These tests have also been included in the comparison. The results are shown in Fig. 5 where the 
present test series is also included also.For CSM, the mean value of Pu.test/ Pu,cal for all tests is 1.09 with a 
standard deviation of 0.12. For EC2,the corresponding values are 1.08 and 0.15. 
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Figure 4: Comparison of test results by Madsen and Hansen (2009) with calculations 
Figure 5: Comparison of test results with prediction using CSM (left) and EC2 (right). 
6. Conclusion 
The main objective of this paper has been to report a new series of shear tests on rectangular RC beams 
without stirrups subjected to axial compression. The series includes tests with axial compression up to 
85% of fc. Shear tests on members subjected to such level of axial compression have, to the knowledge of 
the authors, not been reported in the literature. The test results indicate that an enhancement in the shear 
capacity can still be obtained even for very high level of axial compression. This is in contrast to most 
code design formulas, for example the one in EC2, where shear strength enhancement is limited to an 
axial compression of 0.20fc. By using the Crack Sliding Model, a higher upper limit can be obtained. For 
this specific test series, the limit is found at an axial compression stress approximately twice the value 
imposed by EC2. Comparisons of test results (including 40 tests from the literature) with calculations 
show, that good agreement can be obtained both by use of the EC2 method as well as the Crack Sliding 
Model. In conclusion, it has to be mentioned that while both methods investigated render similar 
agreements with tests, the empirical EC2 method does not give any physical explanation to the observed 
test results. In this respect, the Crack Sliding Model may be preferable as it provides a possible and 
transparent physical explanation of the effect of axial compression.  
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